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We consider the brane gas picture of the early universe. At later stages, when there are no winding
modes and the background is free to expand, we show that a moving 3-brane, which we identify
with our universe, can inflate even though it is radiation-dominated. The crucial ingredients for
successful inflation are the coupling to the dilaton and the equation of state of the bulk. If we
suppose the brane initially forms in a collision of higher-dimensional branes, then the spectrum of
primordial density fluctuations naturally has a thermal origin.
PACS Numbers : 98.80.Cq, 11.27.+d Imperial/TP/0-01/37 ORSAY-LPT-01-86
In recent work, Alexander et al. [1] proposed a dy-
namical origin of the non-compact spatial dimensions of
the universe. In their picture, the universe starts as a
hot, dense gas of the fundamental states of string theory,
namely D-branes. Considering 11-dimensional M-theory
compactified on S1, they show that winding modes will
allow only some spatial dimensions to grow large; a re-
sult which generalizes that of Brandenberger and Vafa
[2]. The relevant equations of motion (see also [3]) em-
phasize the importance of the dilaton to this proposal.
Here we consider what might be the late-time behavior
of such a universe. We will suppose that d spatial dimen-
sions have become large and that all degrees of freedom
that have been able to interact have annihilated with one
another. In particular, we assume that there are no more
winding modes so that the universe is free to expand. In
a similar set-up, Park et al. [4] envisaged the universe as
a gas of Dp-branes in the context of Brans-Dicke theory.
As for our model, we will be more precise shortly as to
the dominant contribution to the energy density of the
universe, but for now we imagine that are a number of
3-branes in this universe. Furthermore, we will suppose
that what we think of as our universe is, in fact, one of
these branes. Our proposal, therefore, is similar in spirit
to that of mirage cosmology [5].
In this paper, we show that a 3-brane, moving in
this background, can inflate. This is true even though
the brane, assumed formed in a collision, is radiation-
dominated. Consequently, primordial density fluctua-
tions are seen to be thermal in origin. The parameter
space of inflationary solutions is spanned by the coupling
to the dilaton and the bulk barotropic index. The set-up
has elements in common with those of Alexander [7] and
Burgess et al. [8]. However, in our case inflation is not
due to brane—anti-brane interaction and we require the
3-brane to be moving rather quickly.
In our scenario, the time evolution of our universe is
governed both by the matter on the brane and its dy-
namics in the expanding background. However, we do
not consider the self-gravity of the brane, this being still
an open problem. Solving for the brane dynamics then
is analogous to determining planetary motion in that we
assume a background and do not take back-reaction into
account. In particular, we do not have the usual brane
world junction conditions which are, in any case, difficult
to apply to objects with codimension greater than one.
We start by considering the background.
If we assume the background is flat and roughly homo-
geneous and isotropic in the d spatial dimensions, then
the metric can be written as
gµν = diag{1,−a2(t), . . . ,−a2(t)}, (1)
where µ = 0 . . . d and we will let xµ label the coordinates,
with t ≡ x0. Following [1], we take the low-energy effec-
tive action of the bulk to be the dilaton-gravity action in
D = d+ 1 dimensions:
SB =
∫
dDx
√−g
{
e−2φ
2κ2D
[
R+ 4(∇φ)2]+ LB
}
, (2)
where φ is the dilaton, LB describes the matter in the
bulk, κD is related to the D-dimensional Newton’s con-
stant in the usual way and we have supposed there is no
bulk cosmological constant.
Taking the bulk matter to be of perfect fluid form, the
equations of motion for the background are
1
2d(d−1)H2 = e2φκ2D ρ− 2φ˙(φ˙−dH) (3)
(d−1)H˙ + 12d(d−1)H2 = −e2φκ2D p+ 2(φ¨−Hφ˙)
−2φ˙(φ˙−dH) (4)
dH˙ + 12d(d+1)H
2 = 2φ¨− 2φ˙(φ˙−dH), (5)
where ρ is the density and p the pressure of the fluid, and
H = a˙/a. The case of pure Einstein gravity is recovered
if we let φ = 0 and drop (5).
As usual, the conservation equation, here ρ˙ + dH(ρ+
p) = 0, follows from the field equations or it can be de-
rived from ∇νT µν = 0. Thus, if we augment the system
(3)-(5) with an equation of state p = wρ, we find that
1
ρ ∼ a−d(1+w). (6)
This suggests the following ansatz for the dilaton which
is indeed the general solution at low curvature scales [6]:
e2φ ∼ an, (7)
where n is a constant. The equations of motion are sat-
isfied only if
n = d− 1
w
and a ∼ t 2d(1+w)−n = t 2w1+dw2 . (8)
Thus, the background expands for all w > 0 but it is
not hard to see that bulk inflation is not possible for any
choice of w and d. This is not in contradiction with mod-
els of dilaton-driven inflation because we have assumed
the background has evolved into a low curvature regime.
It should also be pointed out that the case of w = 0
is not pathological. Even though n→−∞, the density
and scale factor simply become constant while e2φ ∼ t−2.
However, we will have no use for w < 0 solutions since,
as we will see, the bulk and the brane expand or contract
together. Having said that, w < 0 is allowed in pure Ein-
stein gravity; there n = 0 and w and d are unconstrained.
Bulk inflation occurs for |w + 1| < 2/d.
Having determined the evolution of the bulk, we now
turn to the question of the action for the brane. We are
led by the usual Dirac-Born-Infeld action but will make
some simplifications. We will suppose that the brane is
not charged under any fields living in the bulk and, as in
[1], we will assume that usual antisymmetric tensor field
Bµν vanishes. Additionally, we adopt a phenomenologi-
cal approach to enable us to put ordinary forms of matter
on the brane. We suppose the brane action is:
Sb =
∫
d4σ
√−γL =
∫
d4σ
√−γ{e−φλ+ ξe−mφLb},
(9)
where σi are the world-volume coordinates of the brane
(i = 0 . . . 3), γij the induced metric, λ the tension of the
brane, and m and ξ are dimensionless constants which
determine the coupling of the dilaton to the brane matter
given by Lb. Note that this action allows us to consider
the usual gauge fields that might live on the brane (by
expanding the usual square-root term in powers of the
string tension) but that it does not include the effects of
the brane self-gravity.
The induced metric on the 3-brane follows from its
embedding in the bulk, i.e. xµ=Xµ(σ). We choose the
static gauge σi = xi and suppose an embedding of the
form
X i = xi, XA = XA(t), (10)
where A = 4 . . . d. Then the induced metric on the brane
is
γij ≡ gµν ∂X
µ
∂σi
∂Xν
∂σj
= diag{1− V 2,−a2,−a2,−a2}, (11)
where V 2 ≡ −X˙AX˙A ≥ 0. Note that the scale factor
on the brane is the same as that in the bulk. However,
because of the motion of the brane in the transverse di-
rections, the brane time τ , defined via
dτ = dt
√
1− V 2, (12)
is not the same as the bulk time. Accordingly, a brane-
bound observer will see a quite different evolution of the
scale factor, with the discrepancy becoming more pro-
nounced as V 2→ 1. We are especially interested in the
possibility of having the brane inflate even though the
bulk does not. Therefore, we now consider the brane
dynamics.
Since Lb, for consistency, cannot contain spatial deriva-
tives and nor does it depend on XA (only X˙A through
γ00), it follows that ∂
√−γL/∂X˙A are constants of the
brane motion. To be precise,
cA =
∂
√−γL
∂X˙A
=
∂γ00
∂X˙A
δ
√−γL
δγ00
=
√−γX˙AT 00 (13)
are constant. It follows that
c ≡
√
−cAcA = a
3V√
1− V 2T
0
0 (14)
is a positive constant, where
T 00 = e
−φλ+ ξe−mφρb (15)
and ρb is the energy density of the matter on the brane.
Equation (14) can be inverted to find V which is then
inserted into (12). We find
dτ =
a3T 00√
c2 + a6(T 00)2
dt. (16)
Before applying this equation to a definite scenario, a
small mathematical digression will be helpful. It is not
hard to show that if
dτ ∼ aβ dt and a ∼ t 1α , (17)
then
a ∼ (ǫτ) 1α+β where ǫ = sgn(α+β). (18)
Thus, we will have brane inflation when |α+β| < 1 and,
in particular, exponential inflation when α+β = 0. We
will use the variables α and β in what follows.
We are now in a position to consider a particular phys-
ical situation. Our idea is that the 3-brane which is our
universe came about as a result of a collision process, say
a 5-5¯ brane annihilation [7,9]. We make two assumptions
about this collision. Firstly, that the resulting velocity
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of the 3-brane in the transverse directions is, at least ini-
tially, relativistic. In other words
c≫ a3T 00. (19)
Furthermore, we suppose a large amount of energy is de-
posited on the brane in the collision and that this domi-
nates over the brane tension, i.e.
ρb ≫ λ (20)
or, to be slightly more accurate, ξe−mφρb ≫ e−φλ.
The equation of state for brane matter most consistent
with a collision event is pb = ρb/3 which corresponds to
radiation on the brane or the excitation of massless scalar
modes. If, as is usual, we assume the matter on the
brane remains confined to it, then energy conservation
determines that
ρb ∼ a−4. (21)
From (8) and substituting (19)-(21) into (16), we have
that
α+ β = 12 [d(1 + w)− n(1 +m)]− 1. (22)
The parameter space of solutions is quite constrained.
On M-theoretic grounds we expect d≤ 10 and we need
d ≥ 4 in order for the background to be able even to
contain a moving 3-brane. However, if our universe is the
result of 5-5¯ brane annihilation, then we would require
d > 5. Furthermore, if there are a number of 3-branes
in the bulk, then we would prefer our universe to avoid
them. Since two p-branes will interact in at most 2p+1
large spatial dimensions, it follows that we must have
d>7, d=7 being marginal.
Next, we will limit ourselves to 0<w≤ 1. The lower
bound is required to have expansion at all and the up-
per bound is the usual case of stiff matter. Actually, we
might expect w to be no greater than 1/d which would
correspond to radiation in the bulk. In the case of Ein-
stein gravity, we will consider −1≤w≤1.
We now search for inflationary solutions. The case of
minimal coupling of the dilaton to brane matter can be
dealt with immediately. Putting m=0 into (22), we find
|α+β| < 1 when dw2− 4w+1 < 0, but this only has
solutions for d < 4. Thus, inflation in this scenario will
require non-minimal coupling to the dilaton.
The typical effect of the coupling to the dilaton is il-
lustrated in fig. 1. The number of spatial dimensions
has been set to seven and the shaded regions indicate
the values of (w,m) which give rise to inflation on the
brane. These regions grow as d gets smaller, and shrink
for larger values of d. Their behavior as w→1/d, in other
words n→0, is due to the dilaton becoming independent
of the scale factor. The interesting result here is that it
is possible to obtain brane inflation with ordinary matter
both on the brane and in the bulk.
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FIG. 1. The shaded regions indicate inflationary scenarios
for a 3-brane moving in d = 7 spatial dimensions. The re-
gions grow as d is decreased, and shrink as d is made larger.
Parameter space is spanned by m, which gives the coupling
of the dilaton to brane matter, and w, the ratio of the bulk
pressure to the bulk density.
A natural question to ask is how inflation ends in this
scenario. It turns out that in cases of successful infla-
tion (19) remains valid but the brane tension eventu-
ally becomes dominant, reversing (20). Now we have
α+β = d(1 + w)/2−n+3 and a simple analysis reveals
it is not possible to have inflation for the range of pa-
rameters we are considering. However, this fact allows
us to make a straightforward estimation of the number
of e-folds of inflation, N . If we suppose inflation ends
when e−φλ = ξe−mφρb, then
N =
ln ξ + ln (ρ0
λ
)− (m− 1)φ0
1
2n(m−1) + 4
, (23)
where subscript 0 indicates the value of the quantity at
the start of inflation and we are now letting ρ be the
density of matter on the brane. The denominator is pos-
itive for inflationary solutions but it diverges to infinity
as w → 0. Since we can expect realistically ξ ∼ 1 and
ln (ρ0/λ)<∼10, we see that the initial value of the dilaton
will, in general, be crucial to ensuring the usual require-
ment for inflation that N>∼70.
For example, when w > 1/d, n is positive so that the
value of the dilaton when the 3-brane is formed can be
arbitrarily large. Furthermore, as seen in fig. 1, we can
have inflation for m<1, thus the large initial value of the
dilaton translates to a large value of N . On the other
hand, an interesting case arises when w<∼1/d. Then the
size of φ0 can be irrelevant because m must large and
negative for inflation to occur. However, we expect such
values of m to be theoretically unlikely.
The fact that we do not have inflation when λ domi-
nates may seem a little odd until we remember we have
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neglected the self-gravity of the brane in our analysis∗.
Without doubt, until this is included, details of the all-
important transition from inflation to radiation domina-
tion will not be known and we will be unable to accu-
rately determine the number of e-folds of inflation. How-
ever, although it is still an open problem how to address
the issue of self-gravity, it seems plausible that at early
brane times the assumptions (19) and (20) mean that
the motion of the brane through its background is more
important than its internal dynamics in determining the
evolution of the brane. It is tempting, however, to sup-
pose that when self-gravity effects become important, it
may be that λ, attenuated by its coupling to the dilaton,
generates late-time acceleration on the brane.
The construction of inflationary solutions is quite dif-
ferent in the case of pure Einstein gravity. It follows when
n=0 is substituted into (16) that brane inflation can only
occur for w negative. However, there is an interesting re-
gion −1 + 2/d < w < −1 + 4/d where the brane inflates
but the bulk does not. Once again, inflation ends when
the brane tension starts to dominate the matter density
on the brane. In this instance though, it will be difficult
to have sufficient e-folds of inflation. This can be seen by
putting n = φ0 = 0 in (23); we require ρ0 to be bigger
than λ to a fantastic degree in order to have N large.
Therefore, it appears that dilaton gravity is essential to
the inflationary scenarios we have considered here.
One of the more compelling features of the usual mod-
els of inflation is that they naturally give rise to primor-
dial density fluctuations. In the scenario presented here
this is also the case. There are two contributions. The
first are thermal fluctuations on the brane, coming from
the collision, for which the spectrum will likely need to
be quite red in order to fit with observations. The details
will depend crucially on the manner of the formation of
the 3-brane [10]. The second contribution comes from
bulk fluctuations which are then induced on the brane.
The need here will be for an account of the background
evolution. And of course, in both cases, self-gravity will
have to be included in order to trace the primordial spec-
trum through to the present day.
To summarize, we have proposed that our universe
could be a 3-brane moving in a late-time, brane gas back-
ground. Of particular note is that this brane can, de-
pending on the details of the coupling of brane matter
to the dilaton and the nature of the bulk matter, suc-
cessfully inflate. Furthermore, if the brane is a result of
a collision, there appears to be a natural mechanism by
which density fluctuations would arise on the brane.
∗Indeed, if one allows wb to vary as well, the absence of
self-gravity means inflation becomes more likely as wb → 1,
and not, as one might expect, as wb becomes more negative.
It is even possible to have inflation without any coupling to
the dilaton in this case, with inflation ending because (19)
becomes no longer satisfied.
There are a number of avenues worth exploring how-
ever. Firstly, one could include explicitly the gauge fields
which live on the brane. Since the usual interpretation
is that these fields reflect the existence of open strings
ending on the brane, one is further led to consider brane-
brane interactions. Perhaps the “near miss” of another
3-brane during the evolution of our universe is responsi-
ble for the varying of the fine structure constant? Sec-
ondly, one might suppose the 3-brane is charged under
bulk Ramond-Ramond fields. On a more phenomenolog-
ical level, one could consider different couplings to the
dilaton and a varying bulk equation of state. Indeed, it
is not to hard to see that brane inflation could begin or
end because of a change in w. Lastly, the most press-
ing need is to understand the effect of brane self-gravity.
We have argued that this may not be important at early
brane times, however it will be vital if one is to turn our
proposal into a fully viable cosmological model. One re-
quirement will be that the self-gravity is confined to the
brane so as not to violate Newton’s Law.
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